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The theory of elastic wave propagation in fluid-saturated porous solids was established by Biotin 1956 [1, 2] .
Biot predicted the existence of three bulk modes: fast compressional wave, slow compressional wave, and shear wave.
However, experimental confirmation of Biot's theory at ultrasonic frequencies was not achieved until 1980 when Plana [3] observed slow compressional waves on fluid-saturated synthetic porous solids by using mode conversion technique.
Since that time, Plana's method has been adopted as a major approach to measure slow compressional wave in fluid-saturated porous media.
Although the existing technique has been shown successfully in detecting the slow compressional wave for various synthetic porous media, it appears that in the majority of porous systems (fluid-saturated synthetic or natural porous solids), only one compressional (fast) wave has been observed. The lack of seeing the slow compressional wave in these media can be attributed essentially to two aspects:
(1) the intrinsic properties of porous solids, such as unconsolidation [4] , that may not support the propagation of the slow wave; and (2) the limitation of experimental technique, such as excessive attenuation of ultrasonic signals due to scattering by pores, that may prevent the slow wave from being detectable.
The effort made in this work is to improve the experimental technique. We propose a new method to measure slow compressional waves by using Lamb modes.
The advantage of the method is that it can be applied to thin fluidsaturated porous plates which are more easily saturated with fluid and less attenuating.
The concept of Lamb wave propagation in a fruid-saturated porous plate has been discussed briefly before [5] . One of the applications using Lamb modes in evaluating the porous solid can be made to detect the slow wave by studying the characteristic of the Lamb wave spectrum associated with the porous plate.
To illustrate the approach, in the next section we first derive a general field solution to a fluid-saturated porous plate, and show an example of calculated dispersion curves of Lamb waves in fluid-saturated porous plate with closed pore surface and free boundary. Following the analysis, the experimental procedure of measuring Lamb modes in fluidsaturated porous plates is presented. Experimental results from different porous plates show good agreement with theoretical predictions.
THEORETICAL SUMMARY

Field Solution
To obtain a field solution for a fluid-saturated porous plate, we assume that the porous plate complies with Biot's theory.
In addition, since the study is carried out in the high-frequency limit, a real value of tortuosity is assumed in the rest of the analysis.
The equations governing wave motion in the plate were given by Biot [1) . So, we consider three bulk waves propagating in the plate. Using the geometry and the coordinate system given in Fig. 1 of [5) one can write the potential functions for fast, slow and shear waves as
respectively, where Y'sand k are related to each other by velocities of fast, slow, and shear waves (V+, V_, and Vs, respectively) through Biot's wave equations.
The phase velocity of Lamb modes is defined by c (4) Potential functions of the compressional wave in the upper and lower fluid regions surrounding the plate can be expressed by
where Ai represents the amplitude of the potential function for the incident wave, and A7 and As for the reflected and transmitted waves. It is worth noting that the real value of Yf is significant. For the case of leaky Lamb modes the real part of Yf must be negative, and positive for non-attenuating modes which excite inhomogeneous waves in the surrounding fluid.
The boundary equations at a fluid and fluid-saturated porous solid interface were formulated by Feng and Johnson [6) and are not repeated here. However, if one considers a special situation where the porous plate, after being saturated with a fluid, is sealed or closed on the pore surface (surface flow impedance = oo) and is subject to a free boundary, these boundary equations must be modified by dropping the terms associated with the surrounding fluid, giving up the equation of the conservation of fluid volume and reducing the proportional relation between the pressure difference and the relative velocity of fluid and solid in the porous medium to (7) where Uz and uz are displacements of the fluid and the solid frame normal to the boundary surface.
To solve the eight unknown coefficients in the potential functions, one can calculate displacements of both the fluid and the solid skeleton using the potential functions and substituting them into the boundary equations at z = h/2 and z = -h/2, respectively, which results in a matrix form of characteristic equations
As bs
The solution to Eq. (8) is straightforward.
For a given Ai, the reflection and the transmission coefficients are determined by and (9) which are evaluated as a function of the incident angle (or the phase velocity of Lamb wave) and fh, the product of frequency and the thickness of the plate.
The dispersive relation of Lamb modes in the fluid-saturated porous plate can also be obtained from Eq. (8) by setting Ai = 0 and finding zeroes of the determinant of the coefficient matrix on the left side of the equation. The solution gives the phase velocity of Lamb modes as a function of fh. Once a symmetric geometry of the problem with respect to the central plane of the porous plate is established, the determinant can be rearranged into a product of two fourth-order determinants, one of which gives solutions for symmetric Lamb modes and the other for antisymmetric Lamb modes.
In the case of the sealed pore surface with free boundary these determinants are further reduced to two third-order ones.
Dispersion Curves
The dispersion relation of leaky Lamb modes in a porous plate immersed in water was partially demonstrated in [5] where we found a strong anomaly for the low-order leaky Lamb modes.
This kind of anomalous phenomenon was also reported by Chimenti and Nayfeh in a fluid-coupled graphite-epoxy composite plate [7] and was analyzed in terms of the density ratio between the plate and the fluid [8] .
For a fluid-saturated porous plate, however, due to the comparable densities of the fluid-saturated porous plate and the fluid, as well as the presence of the slow wave whose velocity is much lower than that of sound in the fluid, we find that such anomaly affects not only dispersion curves of the lowest leaky Lamb modes but also some of the higher order ones.
The resultant feature of the dispersive curves is uncomparable to experimental data.
To illustrate the behavior of Lamb modes in a fluid-saturated porous plate without involving the above mentioned effect, the dispersion curves of Lamb modes in a fluid-saturated porous plate with closed pore surface and free boundary have been calculated and are shown in Fig. 1 .
The porous plate is made of sintered bronze beads with the material properties described by Table I .
To explore the influence of the slow wave on the behavior of the Lamb modes, calculations of dispersion curves of Lamb modes have also been done for a free solid plate (see Fig. 2 ) where the same bulk velocities, except the slow wave, used in Fig. 1 have been applied.
By comparing Fig. 1 with Fig. 2 it is obvious that the extra modes a1, s1, a3, s4, and as in Fig. 1 are due to the presence of the slow compressional wave in the fluid-saturated porous plate.
It can be seen that these modes interact with their adjacent similar ones (symmetric or antisymmetric) as they approach each other, showing a "no-crossing" property. Another feature of Fig. 1 shows that at high frequency the two lowest modes, 5 0 and A 0 tend to the velocity of the slow wave instead of the Rayleigh wave velocity as occurred in the case of the solid plate.
The most important information provided by Fig. 1 is that the asymptotic values of Lamb modes at cut-off frequencies can be interpreted by the phase velocities of the three bulk waves and, in particular, the asymptotic values of the above mentioned extra Lamb modes at cut-off are exclusively related to the slow wave velocity.
By examining these cut-off frequencies for symmetric and antisymmetric Lamb modes, it is observed that the contribution of the slow compressional wave to the vibration pattern of the porous plate is similar to that of the shear wave but not to the fast compressional wave.
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EXPERIMENTAL PROCEDURE
For a free and isotropic solid plate, dispersion curves of Lamb modes can be experimentally determined by studying the reflection or transmission coefficient of the plate immersed in a fluid if the ratio of the wave impedances of the fluid and the plate is very much less than unity [9] . For a fluid-saturated porous plate, such criterion usually cannot be met, but we have found in practice that when the incident angle is smaller than the first critical angle, the measured frequency minima of the reflection coefficient for an open pore plate immersed in a fluid are matched very well with the Lamb wave spectrum for the same plate but with closed pore surface and free boundary. The physical explanation to this result is currently unclear yet and needs further investigation. However, this feature allows implementation of experimental studies of Lamb modes in a fluid-saturated porous plate by treating the porous plate as a high-density solid one. Experimental Procedure Figure 3 shows the scheme of the reflection measurement for Lamb modes in a fluid-saturated porous plate. The plate is immersed in a fluid, being insonified by a 0.5 MHz broadband immersion transducer.
The total reflected signal consists of a specular reflected signal and a number of multiple reflection signals (leaky Lamb waves) which is picked up by a 1 MHZ broadband immersion transducer.
The reference signal of the ultrasonic system is taken from a reflected pulse at an aluminum target and is shown by Fig. 4a whose spectrum is presented in Fig. 4b .
Measurement of Lamb modes is performed by capturing the total reflected signal from a fluid-saturated porous plate at different incident angles. For each given angle, the reflected signal measured in the time domain is converted into the frequency domain by using FFT and then deconvolved from the reference spectrum to eliminate the effect of the system. Figure 5 shows an example of a measured signal and its deconvolved spectrum from a sintered bronze bead plate (sample BOS) immersed in water.
The deconvolved spectrum shows that there are a number of frequency minima indicated by arrows corresponding to different branches of the Lamb wave spectrum at the given incident angle.
The frequency minimum around 0.07 MHz is out of the system bandwidth and caused by noise.
The measurement of Lamb moaes can also be conducted by capturing the transmitted signal hy placing the receiver transducer on the other side of the specinen. The advantage of this arrangement is that one is free to align the transducers at small angles, but the technique requires measurement of frequency maxima of the transmission coefficient that may result in poor indications.
Sample Description
The material properties of the samples studied have been described by Table I. Sample B05 is a sintered bronze bead disk with an average grain size of 65 ~m.
Sample SlO is a sintered stainless-steel bead disk, but the average grain size is unable to be statistically measured under a microscope because of irregulated grain shapes. The porosity value of the samples are provided by the manufacturer, which are used to calculate tortuosities based on Berryman's relation for spheres [10] . The bulk modulus, Ks, is determined from
where the solid density, Ps• and velocities of longitudinal wave, VsL• and shear wave, Vss• in the solid material are adopted from the "Handbook of Chemistry and physics" [11] . VFL and VFS• the velocities of frame longitudinal and frame shear waves in drained porous skeleton, are obtained from measurement using contract transducers. The bulk modulus, Kb, and the shear modulus, N, are then evaluated from ( 11) During experiments the porous plates were saturated with water at room temperature which has sound velocity CF = 1.48 km/s. By plugging the above parameters into the equations given in [6] , the velocities of fast, slow, and shear waves were obtained as listed in Table  I . The data are then used for computing Lamb modes in water-saturated porous plates.
RESULTS AND DISCUSSION
To show the correlation between theory and experiment, the results evaluated from spectra of reflection coefficients for porous plates immersed in water are included. Figure 6 shows both theoretical and experimental results on frequency minima of the reflection coefficient measured from sample B05. The data are plotted as a function of the phase velocity of Lamb modes (vertical axis) and the product of frequency and the sample thickness (horizontal axis). The dotted lines indicate numerical predictions estimated from Eq. (9) by taking only the real part of the Lamb wave velocity. The experimental results were obtained from the measured frequency minima on deconvolved spectra of reflected signals.
The measurements have been carried out from incident angle 8 = 10° up to 40° with an increment of 2.5° for each measurement.
It can bee seen from Fig. 6 that the experimental results are in very good agreement with theory.
It is noted that the horizontal axis of Fig. 6 has an identical unit as the vertical one, and the asymptotic values of measured Lamb modes at cut-off frequencies on the horizontal axis can be interpreted by phase velocites of the three bulk waves. For example, the asymptotic value of the first measurable mode at its cut-off is in coincidence with one half of the slow wave velocity. From Fig. 6 it can also be seen that those Lamb modes which are relatively insensitive to the change of the La mb wave velocity are associated with the slow compressional wave.
To further illustrate the correlation between theory and experiment, the result similar to Fig. 6 was also obtained from sample SlO and is shown in Fig. 7 .
It can be seen from Fig. 7 that some curves have been shifted. This occurs because the velocities of the shear and the fast compressional waves in sample SlO are more than 15% higher than those in sample BOS, leading to those modes whose asymptotic values at cut-off frequencies approach n(Vs/2) or n(V+/2) (n is an integer number) shifted to the right. As a result, since the second and the third, as well as the fourth and the fifth, curves in Fig. 7 are too close to each other, only two frequency minima for them were measured. However, because the velocity of the slow wave in sample SlO is only slightly different from that in sample BOS, the first measurable mode in Fig. 7 does not show a visible shift as compared to Fig. 6 ..
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By measuring the asymptotic value of the first frequency m1n1mum in the spectrum of reflected signal, the phase velocity of the slow compressional wave can be evaluated. The error of measuring the slow wave velocity depends on the thickness of the sample employed. The thinner the sample, the better accuracy achieved. This is because large thicknesses magnify the error in calculating the slow wave velocity from measured frequency minima.
CONCLUSIONS
The study of Lamb modes in fluid-saturated porous plates provides information for investigating slow compressional waves, as well as the bulk porous media.
The proposed Lamb wave technique has the advantage of using thin plates whicharemore easily saturated with fluid and less attenuating. To avoid the strong anomalous effect in studying the spectrum of leaky Lamb wave due to the comparable acoustic impedances of the porous plate and the surrounding fluid, theoretical analysis has been performed on a fluidsaturated porous plate with closed pore surface and free boundary. Numerical results have shown that the presence of the slow compressional wave in a fluid-saturated porous plate creates additional Lamb modes with asymptotic values at cut-off frequencies which are related to the velocity of the slow wave.
In addition, at high frequency it has been found that the lowest symmetric and antisymmetric Lamb modes asymptotically approach the velocity of the slow compressional wave instead of the Rayleigh wave as occured in a non-porous plate. The behavior of the slow compressional wave contributing to the vibrating pattern of the fluid-saturated porous plate is similar to that of the shear wave but not to that of the fast compressional wave.
Experimental studies of the dispersive behavior of Lamb modes have been conducted by measuring the spectra of reflection coefficients from the water-saturated porous plates immersed in water. We have shown that the asymptotic value of the first measurable Lamb mode at cut-off frequency coincides with one half of the slow wave velocity. The similarity between the frequency minima of the reflection spectra for the open pore plate immersed in a fluid and the dispersive behavior of Lamb modes in the closed pore plate with free boundary has been confirmed by experiment. However, its physical interpretation needs further exploration.
